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Abstract: This document describes some special cases in which the stransverse mass, MT2, may
be calculated by non-iterative algorithms. The most notable special case is that in which the visible
particles and the hypothesised invisible particles are massless – a situation relevant to its current
usage in the Large Hadron Collider as a discovery variable, and a situation for which no analytic
answer was previously known. We also derive an expression for MT2 in another set of new (though
arguably less interesting) special cases in which the missing transverse momentum must point par-
allel or anti parallel to the visible momentum sum. In addition, we find new derivations for already
known MT2 solutions in a manner that maintains manifest contralinear boost invariance through-
out, providing new insights into old results. Along the way, we stumble across some unexpected
results and make conjectures relating to geometric forms of Meff and HT and their relationship to
MT2.
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1 Introduction
The purpose of this note is to show how MT2
[1] (also known as the “stransverse” mass) may
be calculated by non-iterative algorithms in a
small number of special cases, some of which are
relevant to current usage patterns at the Large
Hadron Collider.
There are at most ten people who will find
this document interesting, and all of them would
skip past any “motivating introductory waffle”
if it were to be supplied. The remainder of the
earth’s population will, quite rightly, find their
local telephone directory a much better bed-time
read, no matter how much effort I put in to mo-
tivating it. Insomniacs, journal referees, or those
who are shocked to the core by the idea that a
note may fail to motivate itself anywhere other
than in the abstract or conclusions, may find in
the Appendix some additional discussion of cur-
rency and relevance. However here in the intro-
duction it would seem to make better sense to
get straight down to business.
In Section 2 we describe our notation. In
Section 3 we find the first non-iterative expres-
sion forMT2 valid for the case where all particles
are massless. At the end of that section we inter-
pret this result and speculate on what it might
be telling us. In Section 4 we start all over again,
finding non-iterative expressions for MT2 which
are valid when the missing transverse momen-
tum points in special directions. Many of the sub
cases in Section 4 are new, and even where they
are not, insight is provided by the new deriva-
tions.
On the applicability of the results herein.
It was noted in [2, 3] that the input momenta
supplied to MT2 may be grouped into two types
– those that lead to “balanced” solutions, and
and those that lead to “unbalanced” solutions.
See [3] for details of how these are defined. Both
the general solution for MT2 for “unbalanced”
inputs, and the test that may be applied to in-
puts to determine whether or not they are “un-
balanced”, are simple and have been known for
some time. They may be found in [3]. In con-
trast, it is not expected that a general non-
iterative algorithm for computingMT2 for inputs
that lead to “balanced” configurations exists. In-
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deed, from that statement derives part of the in-
terest in the special cases considered herein for
which non-iterative algorithms can be found.
Consequently, this note is only interested
in determining and recording non-iterative solu-
tions to MT2 for the case of inputs leading to
“balanced” configurations. The unbalanced so-
lution is already known in all generality. It will
be assumed that all results in this note are taken
to be “preceded” by a test for “unbalancedness”
following [3], and that the results herein are only
to be applied if that test fails.
On a separate matter we1 note that
MT2(a
µ, bµ, /p) =MCT2(a
µ, bµ,−/p) (1.1)
and so the results herein may trivially be turned
into non-iterative expressions for MCT2 [4] by
changing the sign of the missing transverse mo-
mentum.
2 Notation
The stransverse mass, MT2, [1] is
2 the maximal
lower bound on the mass of each member of a
pair of identical parent particles which, if pair-
produced at a hadron collider, could have each
undergone a two-body decay into (i) a visible
particle (or collection of particles) and (ii) an
invisible object of hypothesised mass χ. The de-
cay products of each parent are referred to as
coming from different “sides” of the event. The
momenta of the visible decay products of sides
1 and 2 will be referred to as aµ and bµ respec-
tively. The momenta of the invisible daughters
of sides 1 and 2 (or more usually the hypoth-
esised momenta that they might take in some
part of a calculation, since the true momenta
are unknown) are referred to as pµ and qµ re-
spectively. A consequence of the definition of
MT2 (as a hadron collider variable) is that it
is insensitive to the z components of the each
of the visible momenta aµ and bµ. It is only
sensitive to the masses and transverse momenta
of those objects. Accordingly, when perform-
ing our calculations we work exclusively in a
Minkowski space of dimension 3=1+2 with sig-
nature (+,−,−) rather than the usual 4=1+3 di-
mensions with signature (+,−,−,−).3 Accord-
ingly we view aµ as containing three components:
aµ = (eT , px, py) = (eT ,p) where p = (px, py)
and where px and py are the transverse compo-
nents of a’s momentum, and eT is defined by
eT =
√
m2 + p2x + p
2
y, in which m is the the “ac-
tual” (1+3 dimensional) mass of the particle. We
denote the missing momentum 2-vector (another
input to MT2) as /p = (/px, /py). We denote by χ
the hypothesised mass of the species of invisible
particle that was generated in the decay of each
of the parents whose mass MT2 seeks to bound.
We use the usual Einstein summation con-
vention and index raising and lowering notation
to allow us to construct objects which are scalars
with respect to “intrinsic” Lorentz transforma-
tions and rotations within our reduced (+,-,-)
transverse space. For example, if aµ = (eT ,p)
then aµ = (eT ,−p) and aµaµ = e2T − |p|2, and
aµbµ is a scalar in our reduced space.
Additionally, we will find it convenient to in-
troduce an additional (non-standard) “bar no-
tation” which is closely related to index rais-
ing and lowering. The “bar” creates a new
Lorentz vector from an existing one, by rever-
sal of the direction of its spatial component.
Thus if aµ = (eT ,p) then a¯
µ = (eT ,−p). At
first sight this may seem to be a backward step.
Have we not already introduced index lowering?
Surely a¯µ = aµ, what do we need the bar’s
for? Hopefully the utility will become appar-
ent in use. In short it is because “scalars” are
not the only quantities we are interested in in
the transverse plane, and we want the nature of
our non-scalars to be evident without recourse
to an abundance of indices. When constructing
simple expressions for MT2 in special cases it is
found often to be expedient to construct quan-
tities which are not representations of the the
Lorentz group. Specifically we want to be able
to construct quantities from pairs of Lorentz vec-
tors which are not Lorentz scalars. One example
is the quantity: EaTE
b
T + aT .bT . Although this
1This was pointed out to me in the first instance by Chris Young.
2See proof in [5]
3Accordingly, unless explicitly stated otherwise, any references to “Lorenz vectors” or “boosts”, etc, must be
assumed to be in the reduced transverse space with signature (+,−,−).
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quantity (which is, for historical reasons known
as AT
4 and is closely related toMCT [6]) is man-
ifestly not invariant under Lorentz transforma-
tions, it is nonetheless invariant under simulta-
neously applied boosts of equal magnitude but
opposite direction of the constituent vectors aµ
and bµ. The usefulness of such a quantity was
first noted in [6], wherein such transformations
were named “contralinear boosts”, and we can
thus consider AT to be a “contralinear boost in-
variant scalar” or “contra-scalar” for short. At
first sight, we do not appear to need to intro-
duce any special notation to describe quantities
like AT . For example, the Einstein summation
convention itself allows us to write AT = a
µaµ
or equivalently as AT = aµaµ. However, as we
will need to work with both scalars and contra-
scalars, sometimes in the same expression at the
time time, the barred notation has the benefit of
allowing us to suppress indices while retaining a
clear understanding of whether a term represents
a scalar “a.b” or a contra-scalar “a.b¯”. To sum-
marise the consequences of the “bar” notation:
• a differs from a¯ only in the sign of the spa-
tial components. It exists to allow us to
suppress indices in certain types of con-
tractions while making the transformation
properties of those contractions explicit.
• a¯µ = aµ and a¯µ = aµ.
• We suppress all contracted Lorentz indices,
wherever possible, since they behave in
the usual manner, i.e. a.b = aµbµ and
a.b¯ = aµb¯µ etc.
• Whereas a.b and a¯.b¯ are Lorentz scalars,
a.b¯ and a¯.b are “contralinear boost invari-
ant scalars” or “contra-scalars” for short.
• Trivially we have a.b = a¯.b¯ and a.b¯ = a¯.b.
Finally, we define the “Upstream Transverse
Momentum” (UTM) to be the physical trans-
verse momentum against which the visible sys-
tems a and b and the missing transverse mo-
mentum are recoiling. Denoting the transverse
component of the UTM by g we have the rela-
tion a + b+ /p + g = 0 reminding us that these
momenta are not all independent.
3 MT2 in the fully massless case (a
2 = b2 = χ2 = 0).
In this section it is our intention to write down a non-iterative expression for MT2 in the “fully
massless case” i.e. in the case in which the input particles and the invisible particles are taken to
be massless a2 = b2 = χ2 = 0. To the best of our knowledge this solution has not been reported
elsewhere. This “fully massless case” is the situation in whichMT2 is most frequently used, including
cases such as the dijet configuration used in LHC supersymmetry searches [7–10].5
We begin by noting that if the vector /p happens to lie “between” a and b (i.e. if /p lies inside
in the smaller of the two sectors of the transverse plane bounded by a and b) then MT2 in the fully
massless case must be identically zero. We call this a “trivial zero” of MT2 in the fully massless
case. One may prove that such a trivial zero exists because the constraint p+ q = /p can be solved
by taking p ∝ a and q ∝ b. This is a partition of the missing transverse momentum that assigns
transverse masses of zero to both sides of the event. In the notation that will be introduced later
in this section, it is straightforward to see that this “trivial zero” of MT2 in the fully massless case
occurs when (aˆ./ˆp
′
)(aˆ.bˆ′) ≥ 0 and (bˆ./ˆp′)(aˆ.bˆ′) ≤ 0.
We now exclude this trivial zero, and instead consider what happens when /p does not lie
between a and b. Here we already know (see e.g. equation (50) of [2]) that (i) that the splitting
hypothesis which leads to the minimal “balanced” configuration satisfies the following relationship
in terms of “transverse velocities” v = p/eT
(vp − va) ∝ (vq − vb) (3.1)
4Note that the letter A in AT has no connection to the letter a in E
a
T or aT .
5The fully massless case would not be appropriate where the visible momenta on each “side” are compound objects
with significant masses – such as when MT2 is used on dileptonic tt¯ events to measure the top mass [11, 12].
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where the proportional symbol means parallel, and (ii) that when both visible particles are massless,
the splitting hypothesis which leads to the minimal MT2 solution is a “balanced” configuration. In
the massless case, the transverse velocities are all represented by 2-D unit vectors since eT = |p|.
We will therefore re-write equation (3.1) as
(pˆ− aˆ) ∝ (qˆ− bˆ). (3.2)
A direct consequence of equation (3.2) is that the angle between q and p at the MT2 solution is
fixed to the same value as the angular separation between a and b.6 One possible such arrangement
is therefore pˆ = bˆ and qˆ = aˆ. The general configuration allowed by equation (3.2) can thus be
parametrised by rotating this particular solution by an arbitrary angle θ. In other words, we can
parametrise pˆ and qˆ in the following way:
pˆ = cos θbˆ+ sin θbˆ′ (3.3)
qˆ = cos θaˆ+ sin θaˆ′ (3.4)
where we intend the two vector aˆ′ to be obtained from the two vector aˆ by a rotation by +90
degrees in the transverse plane, and likewise bˆ′ to be obtained from bˆ by the same rotation. In
effect, all that remains to do is to find θ, |p| and |q| by imposing the remaining constraints, namely
(i) that the configuration be “balanced”, i.e.
2 (|a| |p| − a.p) = 2 (|b| |q| − b.q) (3.5)
and (ii) that the momentum splitting condition is satisfied:
p+ q = /p. (3.6)
Substitution of the parametrisation of (3.3) and (3.4) into (3.5) leads to the constraint:
|a| |p|
(
1− cos θ(aˆ.bˆ)− sin θ(aˆ.bˆ′)
)
= |b| |q|
(
1− cos θ(aˆ.bˆ) + sin θ(aˆ.bˆ′)
)
(3.7)
while substitution into the splitting condition of (3.6) and taking the dot-product with /ˆp
′
(a unit-two
vector obtained by rotating /ˆp by +90 degrees in the transverse plane) leads to the constraint:
+ |p|
(
cos θ(bˆ./ˆp
′
) + sin θ(bˆ./ˆp)
)
= − |q|
(
cos θ(aˆ./ˆp
′
) + sin θ(aˆ./ˆp)
)
. (3.8)
All dependence on |p| and |q| may then be eliminated by taking the quotient of the last two
constraints (3.7) and (3.8), which results in a single constraint of the form
Kss sin
2 θ +Kcc cos
2 θ +Kcs cos θ sin θ +Ks sin θ +Kc cos θ +K1 = 0. (3.9)
Expressions for the coefficients Kss, Kcc, Kcs, Ks, Kc and K1 are listed later in equations (3.23) to
(3.28). We note that the left hand side of equation (3.9) viewed as a function of θ, (i) is bounded,
(ii) is real, (iii) is continuous with period 2pi, (iv) is not constant (except in degenerate cases which
we will not consider), (v) has no Fourier components with period smaller than pi, and therefore
(again excluding degenerate cases which an implementation would need to deal with) has either
two real roots or four real roots.
One method whereby θ may be determined from equation (3.9) is to replace cos θ with±
√
1− sin2 θ
before then taking an appropriate square in order to remove the
√· · · resulting in a quartic poly-
nomial in sin θ of the form shown later in equation (3.17) where, for simplicity, sin θ has been
6Note the ordering is θqp = −θpq = θab = −θba.
– 4 –
abbreviated as s. One must remember that in promoting equation (3.9) to a quartic we have intro-
duced spurious solutions – effectively those that have the “wrong” sign for cos θ, i.e. a sign which
is incompatible with equation (3.9). Nevertheless, given any solution s = s0 of equation (3.17) one
can determine which sign of cos θ is appropriate by returning to the un-squared form and checking
consistency. For completeness, the exact nature of the test required to determine the sign of cos θ
is listed later in equations (3.13) to (3.16).
The two (or four) real roots s ∈ {s1, s2} (or s ∈ {s1, s2, s3, s4}) of (3.17) may be obtained
analytically and non-iteratively by many methods (such as that of Ferrari) and thence candidate
values for sin θ and cos θ may be found by the methods already described. It remains only (i)
to determine the magnitudes |p| and |q| in terms of these candidates, (ii) to dismiss any solutions
yielding unphysical answers (such as complex θ or negative |p| or negative |q|) and (iii) to determine
which of the remaining solutions (if more than one) leads to the smallest value of either side of
equation (3.5), this then being the desired result, namely M2T2. Steps (i) and (ii) may be achieved
by noting that equation (3.8) uniquely fixes the ratio ρ = |p| / |q| in terms of known quantities (see
equation (3.12)), while the absolute value of |p| and |q| is fixed by taking the scalar product of
equation (3.6) with /p resulting in |p| = |/p|Kρ and |q| = |/p|K for K as defined in (3.11).
The outcome is the following result for MT2.
(
MT2(a
µ, bµ, /p)
)2∣∣∣
ma=mb=χ=0
=
{
0 if (aˆ./ˆp
′
)(aˆ.bˆ′) ≥ 0 and (bˆ./ˆp′)(aˆ.bˆ′) ≤ 0
2|a||/p|Kρ(1− cos θ(aˆ.bˆ)− sin θ(aˆ.bˆ′)) otherwise,
(3.10)
where7
K =
[
ρ
(
cos θ(bˆ./ˆp)− sin θ(bˆ./ˆp′)
)
+ cos θ(aˆ./ˆp)− sin θ(aˆ./ˆp′)
]
−1
, (3.11)
ρ = − cos θ(aˆ./ˆp
′
) + sin θ(aˆ./ˆp)
cos θ(bˆ./ˆp
′
) + sin θ(bˆ./ˆp)
, (3.12)
in which sin θ and cos θ are defined by
sin θ = s, (3.13)
cos θ =
{
+
√
1− s2 if L1 − L2 = 0
−√1− s2 if L1 + L2 = 0
, (3.14)
where
L1 = K1 +Kcc + s(Ks + (−Kcc +Kss)s), (3.15)
L2 = −(Kc +Kcss)
√
1− s2, (3.16)
and in which s is the appropriate “real, K > 0” root8 of the equation
As4 +Bs3 + Cs2 +Ds+ E = 0 (3.17)
7Note that in the second line of (3.10) one could use 2|b||/p|K(1−cos θ(aˆ.bˆ)+sin θ(aˆ.bˆ′)) in place of 2|a||/p|Kρ(1−
cos θ(aˆ.bˆ) − sin θ(aˆ.bˆ′)).
8The quartic polynomial in s has four roots, of which at least two are real and at most two form a complex
conjugate pair. If there are only two real roots, one will lead to K > 0 and the other to K < 0. If there is more than
one real root having K > 0, the one leading to the smallest value of MT2 should be chosen. Degenerate cases are
not discussed.
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in which
A = Kcs
2 + (Kss −Kcc)2 (3.18)
B = 2(KcsKc +Ks(Kss −Kcc)) (3.19)
C = Ks
2 −Kcs2 +Kc2 + 2(Kss −Kcc)(K1 +Kcc) (3.20)
D = 2(−KcsKc +Ks(K1 +Kcc)) (3.21)
E = (K1 −Kc +Kcc)(K1 +Kc +Kcc) (3.22)
wherein
Kss = −(δ./ˆp)(aˆ.bˆ′) (3.23)
Kcc = −(σ./ˆp′)(aˆ.bˆ) (3.24)
Ks = (σ./ˆp) (3.25)
Kc = (σ./ˆp
′
) (3.26)
Kcs = −(σ./ˆp)(aˆ.bˆ)− (δ./ˆp′)(aˆ.bˆ′) (3.27)
K1 = 0 (3.28)
in which we have introduced two new two-vectors σ and δ according to
σ = a+ b, and (3.29)
δ = a− b. (3.30)
Throughout the above we have adopted a notation in which unit-vectors carry a “hat”, while a
“prime” (as in b′) indicates rotation of the two-vector through 90 degrees in the transverse plane.
A consequence of this is that
(v.w) ≡ |v| |w| cos θvw and (3.31)
(v.w′) ≡ |v| |w| sin θvw (3.32)
for arbitrary two vectors v and w.
3.1 Remarks on the fully massless case (a2 = b2 = χ2 = 0).
We note that for real constants λ and µ satisfying λµ ≥ 0, the solution in the above special case
has the following property9
M2T2
(
λaµ, λbµ, µ/p
)∣∣
ma=mb=χ=0
= λµ M2T2
(
aµ, bµ, /p
)∣∣
ma=mb=χ=0
or equivalently
M2T2
(
aµ, bµ, /p
)∣∣
ma=mb=χ=0
=
√
|a| |b| ∣∣/p∣∣ M2T2
(√
|a|
|b| aˆ,
√
|b|
|a| bˆ, /ˆp
)∣∣∣∣∣
ma=mb=χ=0
which could be interpreted as saying that the non-trivial dependence of MT2 on its inputs in this
special case is confined to three dimensionless parameters, of which two are relative angles of the
visible and missing transverse momenta, and one is the ratio of the momenta of the two visible
particles.
9The property described may easily be proved without using the MT2 solution. It is sufficient to note that the
balanced condition (that the transverse masses on each sides are equal for the splitting that achieves the minimal
transverse mass for either side) is not disturbed by scaling the missing momenta or by scaling both visible momenta
equally.
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Another interpretation of this result, is that MT2 in the fully massless case can be decomposed
into a “magnitude” part
ρT2 =
√√
|a| |b|
∣∣/p∣∣
and an “angular” part
θT2 =MT2
(√
|a|
|b| aˆ,
√
|b|
|a| bˆ, /ˆp
)
such that MT2 = ρT2θT2. Interestingly, θT2 seems to have only very mild dependence on |b|/|a|
and so is, to a relatively good approximation, just a universal function of θa/p and θb/p which is small
for back to back events and large for pencil-like collimated events, multiplied by a normalisation
function f(|b|/|a|) whose maximum occurs when |b|/|a| = 1 and which is only slowly varying with
|b|/|a|.
Accordingly, much of the “signal” structure of MT2 in the massless case comes from the ρT2
part. Finally, we remark in passing, that ρT2 is, in effect, a geometric mean of the magnitudes of
the input momenta. Contrast this with the effective mass Meff [13] (sometimes also referred to as
HT or similar) which is proportional
10 to the algebraic mean of the input momenta. We therefore
learn that there is a sense in which MT2 is acting a bit like Meff or HT but in “log space” rather
than in “linear space”. One might conjecture whether there is anything to learn from that in the
wider context ... for example, why is so much attention paid to linear sums? It is an interesting
open question as to whether it would be useful to construct geometric versions of the effective mass
or HT such as
Mgeomeff =
(
|/p|
n∏
i=1
|ai|
)1/(n+1)
(assuming one invisible) or
Mgeomeff =
(
|/p|2
n∏
i=1
|ai|
)1/(n+2)
(assuming two invisibles) or
HgeomT =
(
n∏
i=1
|ai|
)1/n
,
or variants thereof in which the mean was taken over the number of “parents” (1 or 2) rather than
the number of constituents n.
4 MT2 in the “/p = Q(a+ b)” case.
In this section we consider results for MT2 that are valid in the regime in which the missing
momentum is proportional to (though not necessarily in the same direction as) the sum of the
visible momenta from each side of the event. In this section, masses are general and need not be
zero. In other words, we concern ourselves here with the case /p = Q(a+ b) for some real constant
Q satisfying −∞ < Q < +∞. The results we will find are
• the general solution for Q = −1,
• the general solution for Q = 0 and
• the general solution for any Q but with the requirement that ma = mb (=“m”).
Before establishing our new results, we first comment on what is already known in these regimes.
10Note that where the number of ingredients n for Meff and HT can vary between events, the constant of propor-
tionality, n, will also vary between events.
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4.1 Previous results
The “Q = −1 case” corresponds to an absence of Upstream Transverse Momentum (UTM). It has
already been shown in [3] and [14] that in this case
MbalT2 (a
µ, bµ, /p = −(a+ b))2 = χ2 +AT +
√
(A2T −m2am2b)
(
1 +
4χ2
2AT −m2a −m2b
)
. (4.1)
One thing this shows is is that the dynamic dependence ofMT2 on its inputs (in that special case) is
contained entirely within the contralinear boost invariant quantity AT . The existing proofs provide
no clear reason as to where that invariance comes from.11 Herein we will re-prove that result using
a method that maintains manifest contralinear boost invariance at all times, and in doing so (1)
we will gain some insight as to where the invariance comes from, and (2) we will be lead to make
further generalisations of the result to the case Q 6= −1.
The Q = 0 case (i.e. the case in which /pT = 0) received a small amount of attention in [2].
Specifically, it was recorded therein that
MbalT2 (a
µ, bµ, /p = 0)
∣∣2
ma=mb=m
= χ2 +m2 + χ
√
2(AT +m2)
Herein we go beyond that result by generalising it to the case that ma 6= mb. Furthermore we gain
the result by a method maintaining manifest contralinear boost invariance throughout.
The case where both Q = +1 and ma = mb = m received, perhaps inadvertently, some attention
in [4]. Specifically [4] gave an expression for MCT2 (note, not MT2) in the case where the visible
particles are massless (ma = mb = 0) and there is no UTM (i.e. /p = −(a+ b)). No explicit claims
relating MT2 solutions to MCT2 solutions are made in [4], however using (1.1) we can see that the
result of [4] corresponds to an expression for MT2 in which the visible particles are still massless
(ma = mb = 0) but in which there is a large amount of UTM, since /p = +(a + b). Indeed, the
observation that the MCT2 result of [4] corresponded to an MT2 result was the trigger for writing
this paper. We will re-prove that result, but our result will then go beyond it as it will neither
require Q = +1, nor require the visible particles to me massless.
4.2 The new results
We shall prove the following results by methods that maintain manifest contralinear boost invariance
at all times:
MbalT2 (a
µ, bµ, /p = 0)
2 =
= χ2 +
m2a +m
2
b
2
+
(m2b −m2a)2
2(2AT −m2a −m2b)
+
√√√√(A2T −m2am2b)
((
m2b −m2a
2AT −m2a −m2b
)2
+
4χ2
2AT −m2a −m2b
)
(4.2)
≡ χ2 +AT − 2(AT −m
2
a)(AT −m2b)
2AT −m2a −m2b
+
√
(A2T −m2am2b)
(
1 +
4χ2
2AT −m2a −m2b
− 4(AT −m
2
a)(AT −m2b)
(2AT −m2a −m2b)2
)
(4.3)
11The dependence of (4.1) on AT was not evident in the labyrinthine result first published in [3]. The exclusive
dependence of the result on AT was first noted by [14], ostensibly by simplification of the result of [3]. The contralinear
boost invariance of the result only becomes manifest in the final step of that simplification, and thus provides little
insight as to where it comes from.
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and
MbalT2 (a
µ, bµ, /p = +Q(a+ b))
2
=
=


M2T2(a
µ, bµ, /pT = 0) (see equation (4.2)) if Q = 0
χ2 +AT +
√
(A2T −m2am2b)
(
1 + 4χ
2
2AT−m2a−m
2
b
)
if Q = −1
χ2 + (1 +Q)m2 −ATQ +
√
(AT +m2) (Q2 (AT −m2) + 2χ2) if ma = mb = m
use numerical methods otherwise.
(4.4)
≡


M2T2(a
µ, bµ, /pT = 0) (see equation (4.2)) if Q = 0
χ2 + (1 +Q)
m2
a
+m2
b
2 −ATQ+
√
(A2T −m2am2b)
(
Q2 + 4χ
2
2AT−m2a−m
2
b
)
if Q = −1 or ma = mb
use numerical methods otherwise.
(4.5)
We note that the RHS of (4.3) is always less than the RHS of (4.1).
4.2.1 Proof for the case when /p = 0.
A consequence of /p = 0 is that the invisible daughter particles (being the only sources of missing
transverse momentum) must be back-to-back in the lab frame. We can enforce the conditions (a)
that the invisible daughter hypotheses be back-to-back, and (b) that they share a common mass,
by writing q = p¯. To calculate the value of MT2 in the “balanced” case it is therefore sufficient to
perform an Euler-Lagrange minimisation using the Lagrangian
L = 1
2
(
(a+ p)2 + (b¯+ p)2
)
+
λ
2
(
p2 − χ2)+ µ
2
(
(a+ p)2 − (b¯+ p)2) (4.6)
in which λ and µ are Lagrange multipliers, the former enforcing the constraint that the invisible
daughters have mass χ, and the latter enforcing the constraint which gives us the balanced case.
The resultant Euler-Lagrange equation for p (i.e. ∂L/∂p = 0) then reduces to
p = Aa+Bb¯ (4.7)
for unknown constants A and B (functions of the Lagrange multipliers). We can determine A
and B by substituting them back into the two constraints, making A and B the solution of the
simultaneous equations
(Aa+ Bb¯)2 = χ2 (4.8)(
(A+ 1)a+Bb¯
)2
=
(
Aa+ (B + 1)b¯
)2
(4.9)
which reduce to
A2m2a +B
2m2b + 2ABAT = χ
2, (4.10)
(2A+ 1)m2a − (2B + 1)m2b = 2(A−B)AT , (4.11)
where we have once again defined AT = (a.b¯). It now only remains to solve these two simultaneous
equations in order to determine A and B in terms of AT , χ, ma and mb, and then to substitute the
values so determined into equation (4.7) to determine p, before finally to substituting this value of
p into (a + p)2 (or (b¯ + p)2 since it will be the same) in order to determine M2T2 for this balanced
case. This leads to the result shown earlier in equations (4.2) and (4.3) and concludes the proof.
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4.2.2 Proof for the case when /p 6= 0.
We begin by defining two new transverse Lorentz vectors k and r according to k = Qa − p and
r = Qb−q. Next we demonstrate that if k = r¯ then (i) the missing momentum condition /p = p+q,
and (ii) the condition for the critical MT2 splitting hypothesis to be balanced, are both satisfied
(provided that ma = mb or Q = −1). Let us consider (i) first. If k = r¯ then Qa− p = Qb¯− q¯ which
implies Q(a − b¯) = p − q¯ which, taking the transverse components, implies Q(a + b) = p + q as
required. Now we must prove (ii). k = r¯ implies k2 = r2 which implies (Qa−p)2 = (Qb− q)2 which
implies Q2m2a − 2Q(a.p) + χ2 = Q2m2b − 2Q(b.q) + χ2 which (if Q 6= 0)12 implies 2(a.p)− 2(b.q) =
Q(m2a −m2b) which implies (a + p)2 − (b + q)2 = m2a −m2b + Q(m2a −mb2) = (1 + Q)(m2a −m2b).
This allows us to see, as required, that k = r¯ implies that the “balanced” condition is satisfied if
Q = −1 or ma = mb.
We are now in a position to claim that MT2 for the case under consideration will be given by
the solution to the Euler Lagrange problem with free parameters k, λ and µ with Lagrangian
L(k, λ, µ) = (a+ p)2 + λ
2
(p2 − χ2) + µ
2
(q2 − χ2) (4.12)
= ((1 +Q)a− k)2 + λ
2
((Qa− k)2 − χ2) + µ
2
((Qb¯− k)2 − χ2) (4.13)
which gives us again a (different) Euler-Lagrange equation for k of the form
k = Aa+Bb¯
for some, as yet undetermined, constants A and B which may be found by solving the remaining
constraint equations associated with λ and µ namely:
((A −Q)a+Bb¯)2 = χ2 (4.14)
((Aa+ (B −Q)b¯)2 = χ2 (4.15)
or equivalently
(A−Q)2m2a +B2m2b + 2(A−Q)BAT = χ2 (4.16)
A2m2a + (B −Q)2m2b + 2A(B −Q)AT = χ2. (4.17)
Taking the difference we discover
2AQ(AT −m2a) +Q2m2a = 2BQ(AT −m2b) +Q2m2b
which (if Q 6= 0 as before) allows us to eliminate either A or B from the preceding equations, leaving
at worst a quadratic expression for whichever quantity remains. With A and B now determined in
terms of Q, m2a, m
2
b and AT it only remains to find the balanced M
2
T2 solution by substituting into
the expression M2 = 12
(
(a+ p)2 + (b+ q)2
)
= 12
(
(a+Qa− k)2 + (b¯ +Qb¯− k)2) for k as defined
in equation (4.2.2). This results in the single expression:
M2 = χ2 + (1 +Q)
m2a +m
2
b
2
−ATQ+
√
(A2T −m2am2b)
(
Q2 +
4χ2
2AT −m2a −m2b
)
(4.18)
which we recall is is only “meaningful” if either Q = −1 or ma = mb. Specialising the above
expression for M2 for both of those cases leads to the right hand sides of (4.4) and (4.5) and thus
concludes the proof.
12We have already considered the Q = 0 case separately and with greater generality (see for example equation (4.2)
valid for ma 6= mb) and therefore the invalidity of the proof in the case Q = 0 need not concern us here. However,
for completeness we note that the limit |Q| → 0 of the solution we are about to obtain is well defined and is the same
as that of (4.2), at least in the case ma = mb under consideration, and therefore the answer need not carry Q 6= 0
qualifiers.
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5 Conclusions
We have detailed non-iterative algorithms for
calculating MT2 valid in a number of new spe-
cial cases. One of these is the “fully massless
case” which is the scenario in whichMT2 is used
most frequently at the LHC. The other cases
(most but not all of which are new) apply when
the transverse missing momentum is parallel or
anti-parallel to the vector sum of the visible mo-
menta. Furthermore, in the cases for which non-
iterative solutions were already known, we have
found new derivations which are manifestly con-
tralinear boost invariance at all times, provid-
ing advances in insight over earlier derivations.
Along the way, we have stumbled in Section 4.2.2
across a number of interesting conjectures into
the nature of variables like Meff and HT , and
have also gained therein better insight into the
nature of MT2 as a geometric mean in the fully
massless case.
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A Appendix
Many techniques have been proposed for mea-
suring the masses of the new particles which it
is hoped the Large Hadron Collider will produce
(see [15] for a recent review). Some of these tech-
niques use the kinematic variable known as MT2
[1] which may be thought of either as a natural
extension of the transverse mass MT [16? ] to
events containing pairs of mother particles, each
undergoing a decay into a mixture of visible and
invisible daughter particles, or as an event-by-
event bound on the kinematic properties of such
events [5].
Much of the literature that has developed
MT2 methods [2, 3, 6, 11, 14, 17–34] is concerned
with the kinematic properties of the variable, the
properties of its endpoints, and how (or whether)
one can use these to place constraints on, or
perhaps even measure13, the masses of new pair
produced particles and/or their invisible daugh-
ters. An entirely different use for MT2 has been
highlighted [7, 8] by members one of the large
general-purpose LHC experiments – identifying
properties of MT2 that explain why it is useful
as a “cut” or “discovery” variable. As a conse-
quence of its sensitivity to the mass scale of the
pair produced parents, and as a consequence of
its definition as a kinematic bound, it is partic-
ularly good at suppressing the low multiplicity
low-mass-scale standard model processes (prin-
cipally QCD and pair production of top quarks)
which can be backgrounds to new-physics sig-
natures with few visible particles into the final
state.14 Early indications of the performance of
MT2 in early ATLAS data were very encourag-
ing [9], and indeed it was pleasing to see that
the most stringent expected limits on di-squark
production from the 2010 LHC data came came
from the use, by ATLAS [10], ofMT2 in this way.
However, as the instantaneous luminosity in-
creases, it becomes necessary either to pre-scale
triggers15 or to increase the trigger thresholds
(e.g. the minimum transverse jet momenta). In
particular, the QCD dijet cross section is so large
that long before design luminosity is reached, one
will find it necessary to apply to single and di-
jet triggers either very large pre-scales or very
high jet pT thresholds to prevent QCD events
saturating the trigger. All this is bad news for
any new-physics searches that hope to look for
signals containing only two jets in association
with missing transverse momentum, such as su-
13Thus far, MT2 has only been used once in anger to measure the mass of a particle – the top-quark in CDF in
the dilepton channel [12]. The results are promising, and we are told that the top quark mass measurement with
MT2 has “the smallest total systematic uncertainty” of any in that channel [12].
14Consider, for example, supersymmetry in the case that the only thing that can be produced are squark pairs,
each decaying to a quark jet and an (invisible) neutralino.
15To “pre-scale” a trigger means to accept at random only a fixed and pre-determined fraction of the events that
pass it.
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persymmetric models in which all sparticles are
heavy except the squarks and the neutralino LSP
(lightest supersymmetric particle). Searches for
such “low multiplicity” signals are compromised
if the only triggers they can pass are single or
dijet or missing transverse momentum triggers.
Fortunately this is not the end of the story.
Since the majority of the QCD events contain
back-to-back jets, some experiments have imple-
mented “∆Φ” triggers – i.e. triggers which only
accept events if the leading two jets (above some
pT threshold) have an angular separation in the
transverse plane which is less than a pre-defined
value (such as 0.9pi). QCD events find it much
harder to pass ∆Φ triggers than, say, di-squark
susy events, and so such triggers can remain un-
pre-scaled for a greater length of time than the
corresponding mono- and di-jet triggers. Though
∆Φ triggers are conceptually easy to understand
and implement, MT2 is expected to discriminate
QCD from susy much better than ∆Φ [35]. The
lack of fast methods for evaluating MT2 has,
however, presented a hurdle to the adoption of
MT2 as a trigger.
As it is not possible to write down closed-
form analytic expressions for MT2 in the general
case,16 MT2 is usually evaluated using numerical
libraries such as [36] and [37] which use iterative
algorithms and are therefore too slow to use in
LHC experiment triggers.17
One of the motivations for this study is
therefore the hope that methods of calculating
MT2 quickly and reliably can be found, in the
cases of interest to experiments, so that MT2
may be implement as a trigger variable.
The other arguably more important motiva-
tion for this study is pure mathematical inter-
est. Ref [5] uncovered very useful mathemat-
ical insights into the nature of MT2 which al-
lowed the creation of what is, at present, the
fastest and most accurate algorithm for the eval-
uation of MT2.
18 It is not always possible to
predict what fruit a mathematical investigation
will bring. The buds ripening here are those in-
terpretations of Section 3.1.
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